A novel dynamic-sliding-mode-manifold-based continuous fractional-order nonsingular terminal sliding mode control is proposed for a class of second-order nonlinear systems. By designing the parameter in the continuous fractional-order nonsingular terminal sliding mode manifold as an exponential function of the tracking error, a dynamic sliding mode manifold can be obtained by adjusting the parameter online. Even if reference signals change, the parameter does not need repetitive offline optimization. By combining the fast-terminal-sliding-mode-type reaching law, the system states are attracted to the manifold quickly, enhancing the controller's robustness. When a large initial error exists, the control system can still accelerate response and reduce overshoot simultaneously owing to the dynamic changing characteristic of the manifold. The stability and finite-time convergence of the closed-loop system are proven by the Lyapunov stability theory. Simulation results on SISO and MIMO nonlinear systems show that for different reference signals, the proposed method has a better tracking performance than the general fractional-order nonsingular terminal sliding mode control.
I. INTRODUCTION
Most of the practical systems are nonlinear systems [1] - [4] and sliding mode control has been widely adopted in their control due to its excellent anti-disturbance ability [5] , [6] . Based on sliding mode control, fractional-order (FO) sliding mode control is especially useful for high-precision control of nonlinear systems owing to its fast reaching ability, small chattering, strong robustness, and high steady-state accuracy [7] - [10] . Chen et al. [11] proposed an FO fuzzy sliding mode method to accomplish a synchronization problem for different initial conditions. Yin et al. [12] designed an adaptive FO sliding mode controller to tackle unknown parameters, uncertainties and external disturbances. Yin et al. [13] proposed an FO sliding mode extremum seeking control The associate editor coordinating the review of this manuscript and approving it for publication was Ning Sun .
(FOSM-ESC) strategy to achieve fast tracking performance and high accuracy control. Yin et al. [14] further studied this theory and designed an FO sliding mode controller that is composed of a new FO exponential switching technique and an FO proportional-integral (PI) switching sliding mode manifold. By comparing the state transfer function of both FO and integer-order (IO) system conditions when sliding mode occurs, Zhang et al. [15] demonstrated that the introduction of FO operator effectively reduces the chattering and improves the steady-state accuracy, but ensuring a fast error convergence and reducing overshoot simultaneously are challenging.
Steady-state accuracy and error convergence are closely related to the design of the sliding mode manifold in sliding mode control. By selecting an appropriate sliding mode manifold, the dynamic performance of the system in sliding mode can be effectively improved. Many FO sliding mode control methods with different sliding mode manifolds have been studied [16] - [27] . These methods include a special nonsingular second-order sliding mode manifold [16] , FO hierarchical sliding mode manifold [17] ; FO proportional-integral-derivative (FOPID) sliding mode manifold, which is a family of FO proportional-integral (FOPI) and FO proportional-derivative (FOPD) sliding mode manifold [18] - [23] ; and continuous FO nonsingular terminal sliding mode (CFONTSM) manifold, which is a refined version of FO nonsingular terminal sliding mode (FONTSM) manifold [24] , [25] . Among them, the FONTSM manifold can overcome singularity while ensuring that the system states converge to the equilibrium point in finite time [26] . This manifold has better advantages compared with other sliding mode manifolds and is widely accepted [27] - [31] . Duc et al. [27] proposed a novel adaptive fuzzy FO nonsingular terminal sliding mode controller (AFFO-NTSMC) for second-order nonlinear dynamic systems. Wang et al. [28] studied a CFONTSM controller for robot manipulators based on time-delay estimation (TDE). The proposed theory ensured fast convergence and high tracking precision under heavy lumped uncertainties. In another work, Wang et al. [29] proposed a new FONTSM manifold to improve the dynamic performance during the sliding mode phase by introducing an extra FO differential element [28] . To further utilize this newly proposed sliding mode manifold, Wang et al. [30] put forward an adaptive FO nonsingular terminal sliding mode (AFONTSM) for the high performance control of the same cable-driven manipulators [29] . Following, Wang et al. [31] studied a novel adaptive super-twisting FO nonsingular terminal sliding mode (AST-FONTSM) control scheme. They used a time delay estimation for a cabledriven manipulator to obtain good robustness and high control precision in the reaching phase. In addition, observerbased state estimation for a control law based on the fractional integral terminal sliding mode control (FITSMC) scheme was proposed by Zhou et al. [32] . Although the above methods ensure high steady-state accuracy and finite time error convergence, they are unable to ensure sufficiently small overshoot and fast enough error convergence at the same time. This problem is prominent particularly when a large initial error exists or when the reference signal changes. This is because the parameters in the sliding surface are fixed after design, and there is no system design method to make it optimal, so the control performance of the system cannot be guaranteed.
To address the above problems, researchers try to optimize the parameters in sliding mode manifolds. A commonly used method is the empirical method. With repeated simulations or experimental results as a basis, the parameter in the sliding mode manifold is selected through trials. Whether the selected parameter is the most suitable one is difficult to determine. As this method has no analytic expression, the other methods such as evolutionary optimization [33] and traditional pole assignment [34] had been studied. The particle swarm optimization (PSO) [35] and multi-tracker optimization algorithm (MTOA) [17] belong to the evolutionary optimization algorithms that mostly proceed based on the slope of the objective function with respect to optimization variables (derivative/gradient-based) and move toward solutions. For example, Tejado et al. [34] used the PSO method by constructing a cost function (objective function) that depends on the error's energy. The main purpose is to ensure the steady-state accuracy of the system rather than the error convergence. To obtain a satisfactory optimization result, the number of samples and iterations in the objective function should be adequately large. Moezia et al. [17] compared three algorithms, among which the MTOA algorithm is the best. A large number of calculations and iterations are still needed despite the ability of the MTOA algorithm to comprehensively consider each controller indicator. As for the traditional pole assignment method, the parameter of the sliding mode manifold is selected by solving the error states function in sliding mode. This method is suitable for linear sliding mode manifolds. The aforementioned parameter optimization methods are time-consuming and offline only. Moreover, the parameter in the sliding mode manifold is optimized and fixed for a specific reference signal. Therefore, when the reference signal changes, the parameter cannot adjust itself online and must be optimized offline, which increases the parameter adjustment time and the difficulty of controller design. Furthermore, the optimized and fixed parameter cannot meet with both small overshoot and fast response when a large initial error exists.
To provide a solution to these problems, a novel dynamic continuous FO nonsingular terminal sliding mode (DCFONTSM) controller for a second-order nonlinear system is proposed here. The advantages of the proposed method are summarized as follows. 1) A dynamic sliding mode manifold is first established by designing the parameter in the continuous fractional-order nonsingular terminal sliding mode manifold as an exponential function of the tracking error and adjusting the parameter online. 2) The parameter does not need repetitive offline optimization even if reference signals change, thus reducing the parameter adjust time and the difficulty of the controller design. 3) By combining the fast-terminal-sliding-mode-type reaching law, the system states are attracted to the manifold quickly, enhancing the robustness of the control system. Even if a large initial error exists, the control system can still accelerate response and reduce overshoot simultaneously owing to the dynamic changing characteristic of the manifold.
The remainder of this paper is organized as follows. In Section II, the preliminaries of the CFONTSM controller are given, and the problem formation and research motivation are presented. In Section III, a special function is designed for the new dynamic sliding mode manifold. In Section IV, stability analysis and DCFONTSM controller are discussed. Comparative simulations are carried out to demonstrate the effectiveness of the novel proposed method in Section V. In Section VI, conclusions are drawn.
II. CONTINUOUS FRACTIONAL-ORDER NONLINEAR TERMINAL SLIDING MODE CONTROL A. SLIDING MODE MANIFOLD AND CONTROLLER DESIGN
The following second-order nonlinear system with uncertain disturbances is considered [17] :
, and y(t) ∈ R are respectively the system state, control, and output vector.
The lumped uncertainty L(x, t) can be defined as
The lumped uncertain term satisfies the inequality L(x, t) ≤ σ , where σ >0. A CFONTSM sliding mode manifold will be first designed as given by Eq. (3) for the system described in [28] .
n is the tracking error vector between the input signal and system output and k = diag(k i ), i = 1 ∼ n is a continuous positive diagonal matrix to be designed. For simplicity, sig is a symbol of
where 0 < α i , λ i < 1, i = 1 ∼ n. D λ is the FO operator, and the specific definitions and relative properties of which are listed as follows. Definition 1: The general representation of the FO derivative-integral operator is given by Eq. (5), [17] :
α is the FO and t 0 is the initial time in the above relation. The operator t 0 D α t is the symbol for the FO, integral and constant operator.
Definition 2: The αth − order Riemann-Liouville (RL) integral is presented as Eqs. (6) and (7) [28] .
where m − 1 < α < m, m ∈ N . Additional details about the gamma function (·) can be found in [36] .
. Lemma 1 [28] : For a Lyapunov function V (x), assuming that V 0 is its initial value, theṅ
Corresponding settling time can be calculated as
A fast-TSM-type reaching law from [28] is followed to obtain fast convergence and reduce chattering.
With the above reaching law as Eq. (10), the error vector (e, e) can be driven to the sliding mode manifold s = 0. According to the sliding mode designing procedure, the control law can be obtained by Eq. (11) .
L(x, t) ≤L andL is a constant diagonal matrix representing the upper boundary of total interference.
Property1 is used to derive Eq. (12) . The saturation function can be designed as follows [28] :
where ϕ ∈ R n is the boundary layer. To further restrain the chattering, substituting Eq. (13) into Eq. (12), the controller can be rewritten as Eq. (14) . For detailed stability proof, see [28] .
B
. PROBLEM FORMULATION AND RESEARCH MOTIVATION
In this section, we briefly present and analyze the influence of different k values on system response in the sliding phase. Assuming the sliding phase is an ideal process with no chattering, then the sliding mode manifold of CFONTSM can be written asė
To demonstrate the change rules of CFONTSM manifold parameter k, we set i = 1 and perform simulations about Eq. (15) . The results are shown in Fig. 1 . To observe a general trend of error over time, the k value ranges from small to large (k = 1, 5, 9, 13, 17) . Other parameters of Eq. (15) are λ = 0.5 and α = 0.8, with e 0 = ±3; t ∈ [1, 10] .
As shown in Fig. 1 , the system response which also means the decay rate of tracking error is closely related to k value regardless of whether its initial value is positive or negative. The larger the k value is, the faster the attenuation becomes, which shows more obvious overshoot characterization in a specific time. We also simulate λ and α with other values, and the results indicate that the variations of k share the same tendency. Fig. 2 shows two circumstances that represent a large k value and a small k value of the error vector (e,ė) 'slides' on the CFONTSM manifold until it reaches the equilibrium point. The error vector is assumed to start from the initial point 0(e,ė) toward the equilibrium point and zigzag along the s(e,ė) = 0 boundaries. The range within the boundaries is the chattering layer that directly influences state overshoot. For CFONTSM motion, when s(e,ė) = 0 holds, the controller with larger k value takes effect to state 1 h with the delay time t h . Similarly, the entire process of system state decay toward the equilibrium point (0,0) with k h type can be described as the navy blue fold line (1 h → 2 h → 3 h · · · ). As for smaller k value controller, when satisfying s(e,ė) = 0, switching control with the delay time t l forces the system state to change its position from 1 l to 2 l then to 3 l as the light blue fold line (1 l → 2 l → 3 l · · · ). Apparently, the range of s(e,ė) = 0 chattering layer h with larger k value is wider than the smaller one l and experiences fewer switching times. In the sliding phase, even though the switching control comes into force promptly, namely, means +u sw (x, y), switches to −u sw (x, y) instantly, for control output to change from +u(x, y) to −u(x, y) still takes time. This is the so-called time delay. The larger the k value is, the shorter the delay time becomes, which means a wider chattering layer and more overshoot.
From above, the convergence rate of the error vector toward the equilibrium point is directly influenced by k. To improve system response and achieve a satisfying tracking performance, k must be increased. However, doing so will directly increase the chattering layer, which means increased overshoot. To settle this dilemma, the interdependence between the response and overshoot should be removed. The errordependent parameter designed in Section III is used to solve this problem.
III. DYNAMIC SLIDING MODE MANIFOLD DESIGN AND ITS CHARACTERISTIC ANALYSIS
On the basis of the CFONTSM sliding manifold that was described in Eq. (3), we design an exponential form function that takes an error as the independent variable shown as follow:
where δ 0 = diag(δ 0i ), i = 1 ∼ n is the positive diagonal matrix gain, with the theoretical range of δ 0 ∈ (0, 1); and ρ = diag(ρ i ) and α κ = diag(α κi ) are tuning parameter matrices, with theoretical ranges of ρ, α κ ∈ (0, +∞) ∈ R n ; The errordependent parameter k given by Eq. (16) does not affect the stability of the control system because k is always strictly positive. It changes along with error approaches to the maximum k/δ 0 when the absolute value of error is at its maximum and to the minimum value k/(δ 0 + ρδ 0 ) when the absolute value of error is at its smallest. This condition provides two conveniences: When the error is large, the response is the main factor to consider, which can be achieved by enlarging k value. When the error approaches zero, the overshoot is the main factor to consider while the response is less important, which can be achieved by reducing k value. Thus, the two stages can be improved without cross-influence. Fig. 2 shows how the error-dependent parameter works. When the error vector is far from the equilibrium point, k will automatically increase to drive the error vector quickly toward the equilibrium point. When the error vector approaches the equilibrium point, k will decrease to have a small chattering layer l , thus limiting the overshoot. Thus, the error-dependent parameter allows the general CFONTSM sliding mode manifold to dynamically adapt to the variations of the tracking error.
Taking advantage of the error-dependent parameter, a dynamic sliding mode manifold was designed not only to accelerate response but also to suppress overshoot, therefore optimizing the entire tracking performance.
Substituting Eq. (16) into Eq. (3), the new dynamic continuous fractional-order nonsingular terminal sliding mode manifold, abbreviated as DCFONTSM manifold, can be written as
where k is defined as Eq. (16), e, λ and α share the same definition as Eq. (3).
To further discuss the influence of these three parameters, namely, δ 0 , ρ, and α κ , we set Eq. 3) is generally not too large; thus, the value of these three parameters should not be too large or too small. We take ρ, α κ =1 for convenience and select δ 0 = 0.90.60.30.10.06 to briefly observe the error attenuation trend as shown in Fig. 3 ; similarly, δ 0 = 0.1, α κ = 1 and ρ = 0.30.7159 in Fig. 4 ; δ 0 = 0.1, ρ = 1, and α κ = 0.20.6137 in Fig. 5 . The λ, α and error initial values are consistent with the parameters used in Fig. 1 . Fig. 3 shows that with all other parameters are given, the system response in the sliding phase increases sharply as δ 0 decreases. When δ 0 is less than 0.1, the response increase rate slows. Fig. 4 shows that ρ has similar characteristics as δ 0 , with a slightly smaller variation, thus making fine-tuning possible. Fig. 5 shows that the variation of α κ can partly reduce overshoot. An important detail to note is that whether these three parameters are too high or too low will influence the stability of the closed-loop system.
Remark 1: δ 0 with an excessively low value makes the k value excessively large, thus possibly reducing the robustness of the controller. Thus, another parameter ρ is needed to perform a slight adjustment.
Remark 2: When the value of ρ is much bigger than 1, which means k k. This condition slows down the response. When the value of ρ is too small, which means k → k/δ 0 , the automatic moderating effect is hardly given.
Remark 3: When the value of α κ is adjusted from small to large, the overshoot will gradually decrease to its minimum value and then goes up again, whereas the response will continue to increase.
With the newly designed dynamic sliding mode manifold, a DCFONTSM controller can be proposed and verified as in Section IV.
IV. DYNAMIC CONTINUOUS FRACTIONAL-ORDER NONSINGULAR TERMINAL SLIDING MODE CONTROLLER DESIGN AND STABILITY ANALYZE A. DCFONTSM CONTROLLER DESIGN
To reconcile the need to ease chattering and achieve fast finite-time convergence, the fast-TSM-type reaching law [28] is adopted as Eq. (10) . The DCFONTSM manifold is expressed as Eq. (17) The following step is to design a controller through the derivation of the sliding mode manifold.
where:
· exp −α κ ·|e| ·sign (e) (20) According to Eqs. (1), (10) , and (19) , with the consideration of uncertainties and external disturbances, the new control law can be designed as
where L max (x, t) ≤L
B. STABILITY ANALYSIS
Consider the Lyapunov function of DCFONTSM: V = 1/2 · s 2 . By differentiating V with respect to time and using Eqs. (1)and (19), we havė
Substituting Eq. (21) into Eq. (22), we havė
According to Lemma 1 [28] ,
≤ 0 (24) Then, the settling time is given using lemma1 as
Thus, the system states will converge into the DFONTSM manifold within finite time, By substituting Eq. (13) into Eq. (21), the control law can be rewritten as Eq. (26) to further suppressing chattering. The recommended parameter selections in k referred to in Remarks in Section III are listed as follows: The value of k and α κ are generally taken 1; the minimum value of δ 0 is recommended as 0.1; and the recommended range of ρ is greater than 0.01 and less than 20. Generally, we take ρ = 1/δ 0 −1. The value of other parameters in Eq. (26) refer to the experience method adopted in [22] - [25] . 
V. SIMULATION RESULTS AND DISCUSSION
In this section, simulation studies are conducted on a linear motor platform [18] , [24] , [25] and a two-link planar robotic manipulator [27] , [28] to demonstrate the effectiveness of our proposed method compared with that of CFONTSM.
A. SIMULATION VERIFICATION
Example 1: Consider a linear motor platform [18] ;
The detail definition of every parameter in model Eq. (27) is taken from [18] . Initial tracking errors are set asē 0 = 8 mm, e 0 = −8 mm, and the parameters are set as m = 11 kg, k m = 0.03, k c = 291 N , k v = 0.08 Ns/mm, k f = 10N /V , d =sin(t). Defining:
Substituting Eq. (28) into Eqs. (14) and (26), we obtain the control law for the linear motor platform as Eqs. (29) and (30) 
where |d| ≤d andd is a constant that represents the upper boundary of disturbance.
To compare the response between CFONTSM and the new propose DCFONTSM method that consists of a compound step signal, a sin signal, and a fifth-order polynomial signal [28] . The relevant parameters of the controller are presented in Table 1 . To verify the ability of the proposed method in overshoot suppression and response acceleration, cases of k = 1 and k = 1/0.2 for the general CFONTSM controller are studied. The simulation results for the two control methods are shown in Figs. 6 and 7.
Example 2: Consider a two-link planar robotic manipulator [27] : where: 
The symbols s 1 , s 2 , s 12 , and c 1 , c 2 , c 12 denote s 1 = sin(q 1 ), s 2 = sin(q 2 ), s 12 = sin(q 1 + q 2 ), and c 1 = cos(q 1 ), c 2 = cos(q 2 ), and c 12 = cos(q 1 +q 2 ), respectively. The initial states are denoted by q 1 (0) = 3 • , q 2 (0) = −3 • ,q 1 (0) = 0,q 2 (0) = 0. The parameters in Eq. (31) are selected as l 1 = 1 m, l 2 = 0.8m, m 1 = 1 kg, m 2 = 1 kg, F v1 = F v2 = 1.5 N , F c1 = F c2 = 1N , gravity g = 9.81 m/s 2 taken from [28] . Defining:
We rewrite Eq. (31) and then substitute Eq. (32) into Eqs. (14) and (26) to obtain control law of CFONTSM Eq. (33) and DCFONTSM Eq. (34) of two-link planar robotic manipulator.
where |[τ d − F(q,q)] max | ≤d andd is a constant diagonal matrix that represents the upper boundary of disturbance. For a two-link planar robotic manipulator, the reference trajectory is often selected as a sin signal [27] or a fifth-order polynomial signal [28] . In this paper, we combine these two signals to show the superiority of our proposed DCFONTSM controller. The relevant parameters of the controller are presented in Table 2 .
To confirm our proposed method's ability to limit overshoot and improve response, cases of k = 1 and k = 1/0.35 for the general CFONTSM controller are studied. The simulation results for the two control methods are shown in Figs. 8 and 9 .
B. SIMULATION RESULTS ANALYSIS 1) ABILITY TO SUPPRESS OVERSHOOT Figs. 10(a) and 10(b) show that for the linear motor platform when the actual position approaches the reference signal that consists of a compound step signal, a sin signal, and a fifthorder polynomial signal, the proposed DCFONTSM controller has less overshoot than the CFONTSM controller at Figs. 11(a) and 11 (b) show the same result for the two-link planar robotic manipulator. When the actual position approaches the reference signal that consists of a sin signal and a fifth-order polynomial signal, the proposed DCFONTSM controller still has less overshoot than the CFONTSM controller at k = 2.86 and faster response than the CFONTSM controller at k = 1. Table 3 records the time consumption when the absolute value of tracking error satisfies the setting accuracy 0.06 (mm) for the first time for each signal. Table 3 and Figs. 6-7 show that, for the linear motor platform system, the proposed DCFONTSM controller ensures faster convergence to the equilibrium point and better trajectory tracking performance than CFONTSM. Compared with CFONTSM, the DCFONTSM controller is 6.563 s faster for the compound step signal, 5.261 s for the sin signal, 7.222 s for the fifth-order polynomial signal, achieving increases of 65.9%, 60.5%, and 66.6% for each signal, respectively, at an initial actual position of 8 mm. A similar trend was observed even when the above reference input was modified slightly. The time consumption was reduced by 6.468, 5.130, and 5.033 s for these three signals, that is, the response improved by 64.3%, 60.5%, and 57.7%, respectively, at an initial actual position of −8 mm. Table 4 shows the time consumption when the absolute value of tracking error initially encountered the setting accuracy of 0.03 (rad.).
2) ABILITY TO IMPROVE RESPONSE
After conducting simulations, we compared the two control schemes for the two-link planar robotic manipulator. The results in Figs. 8-9 and Table 4 show that when the system states are under DCFONTSM motion and the initial actual position of joint one is at π radian, the time consumption was reduced by 1.526 and 2.041 s. The response increased by 17.0% and 30.9% for the sin signal and the fifth-order polynomial signal, respectively. Equally, under DFONTSM motion, the time consumption of joint two is 0.954 and 1.571 s shorter and has an 11% and 28.2% higher response speed than CFONTSM motion at the initial actual position of -π radian. To briefly conclude, the proposed controller effectively speeds up the tracking convergence rate and reduces overshoot, thus promoting control performance for either SISO or MIMO second-order nonlinear systems. Fig. 12 shows the fast response of our proposed controller. When an error is negative, its derivation is positive, and a great negative error corresponds to a large positive error derivation. For a positive error, the error derivation has a similar variation with the negative one. Fig. 12 indicates that when the error between the DCFONTSM and the CFONTSM is equal, the absolute value of the error derivative of DCFONTSM is larger than that of CFONTSM, which explains why DCFONTSM has faster tracking velocity. The curve varies smoothly when the error approaches zero neighborhood, which means a smaller overshoot.
VI. CONCLUSION
A novel continuous FO nonsingular terminal sliding mode controller based on a dynamic sliding mode manifold is presented for a class of second-order nonlinear systems. The error-dependent parameter in this new dynamic sliding mode manifold is constructed by designing the fixed-parameter in general continuous FO nonsingular sliding mode manifold as an exponential function with respect to error. When the initial states of the system are far from the reference states, the error-dependent parameter automatically enlarges its value to speed up the system response, thus resulting in a fast convergence of error. When the system outputs approach the reference inputs, this parameter lowers its value to limit the system overshoot by slowing the approaching speed. The parameter does not need repetitive offline optimization and can still achieve automatic online adjustment even when the reference signal changes, thus simplifying the parameter adjustment for a sliding mode manifold and reducing the difficulty of the controller design. Furthermore, this dynamic sliding mode manifold is combined with the fast-TSM-type reaching law to obtain finite-time convergence in the reaching phase, thus enhancing the robustness and ensuring improved tracking performance even if a large initial error exists. The asymptotical stability of the closed-loop system is proved by the Lyapunov stability theory. Simulation results on SISO and MIMO systems show the superiority of the proposed approach over the traditional CFONTSM controller for different reference signals.
